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In this paper we explicate a method of quantum hydrodynamics (QHD) for the study of the quantum
evolution of a system of polarized particles. Though we focused primarily on the two-dimension physical
systems, the method is valid for three-dimension and one-dimension systems too. The presented method
is based upon the Schro¨dinger equation. Fundamental QHD equations for charged and neutral particles
were derived from the many-particle microscopic Schro¨dinger equation. The fact that particles possess
the electric dipole moment (EDM) was taken into account. The explicated QHD approach was used to
study dispersion characteristics of various physical systems. We analyzed dispersion of waves in a two-
dimension (2D) ion and hole gas placed into an external electric field which is orthogonal to the gas plane.
Elementary excitations in a system of neutral polarized particles were studied for 1D, 2D and 3D cases.
The polarization dynamics in systems of both neutral and charged particles is shown to cause formation of
a new type of waves as well as changes in the dispersion characteristics of already known waves. We also
analyzed wave dispersion in 2D exciton systems, in 2D electron-ion plasma and 2D electron-hole plasma.
Generation of waves in 3D system neutral particles with EDM by means of the beam of electrons and
neutral polarized particles is investigated.
I. INTRODUCTION
A two-dimension electron gas (2DEG) is in the focus of
many studies. Sometimes it is considered to be an element
of the spin-field effect transistor [1]. Ions and holes are
distinct from electrons in that they can polarize in an exter-
nal electric field or arrange in the line of the external field
in the case they are rigid dipoles. EDM of ions and holes
may cause changes in the dispersion of known eigenwaves
as well as the onset of waves of novel types.
Dispersion characteristics of 2DEG have been analyzed
in works of [2–4]. Magnetoplasma waves in 2DEG have
been studied in [2, 3]. Excitation of charge and spin den-
sity in 2DEG has been addressed in [4] where spin-orbital
interaction has been taken into account and the 2DEG has
been supposed to locate in an external magnetic field. Not
only wave processes attract researchers’ interest, but 2D
magneto-transport also does. Studies of the effect of spin-
orbital interaction on the 2D magneto-transport are also im-
portant. An equation set has been presented in [5] that de-
scribes charge and spin diffusion in 2DEG with account
of spin-orbital interaction [6]. 2D hole gas along with
2DEG is used for construction of transistors, for example
Atomic Layer Doping-Field Effect Transistor (ALD-FET)
[7]. Collective modes in 2D bilayer graphene are consid-
ered in article [8].
In recent years attention is paid to the effect of the in-
trinsic magnetic moment (IMM) on the characteristics of
charged particle systems. The propagation of perturbation
of IMM and EDM does not require much energy as it oc-
curs without mass transfer. Both processes may be used in
the information transfer. In biological systems, for exam-
ple, polarization processes, i.e. EDM propagation, are the
predominant way of signal transfer.
There are modern studies which are focused primarily
on the EDM dynamics [9], [10]. They deal with quasi-
2D and multilayered systems of both charged and neutral
polarized particles. There are articles where take into ac-
count of the EDM influence on the Bose-Einstein conden-
sate (BEC) [11], [12]. In a particular work a contribution
of polarization to the dispersion of Bogoliubov’s mode has
been analyzed.
Influence of EDM on dynamic of charged particles is not
large, analogously with the influence of IMM. But, evo-
lution of IMM lead to existence of new physical effects
which described below. In this way we can expect the ex-
istence new physical process which are the consequence
of EDM dynamics. IMM dynamics causes changes in the
wave dispersion in magnetized plasma [13–15] as well as
the existence of novel branches of dispersion in systems of
such kind [14]. Interaction between IMM of neutron beam
and magnetized plasma leads to the generation of waves in
plasma [12], [15]. This effect is due to spin-spin, spin-
current [15] and spin-orbital interactions [16] between
IMM of the beam and IMM and currents in plasma. A lot
of works is also devoted to the dynamics of IMM in BEC.
Classical methods were used previously to create a de-
scription of the collective dynamics of charged particles
that takes into account the EDM that arises in the medium
as a consequence of charged particles’ movement [17].
A quantum mechanics description for systems of N
interacting particles is based upon the many-particle
2Schro¨dinger equation (MPSE) that specifies a wave func-
tion in a 3N-dimensional configuration space. As wave
processes, processes of information transfer, diffusion and
other transport processes occur in the three-dimensional
physical space, a need arises to turn to a mathematical
method of physically observable values which are deter-
mined in a 3D physical space. To do so we should de-
rive equations those determine dynamics of functions of
three variables, starting from MPSE. This problem has
been solved with the creation of a method of many-particle
quantum hydrodynamics (MPQHD). Therefore, the reason
for development such method is analogous with the moti-
vation of the density functional theory [18]. In our work
we propose a further development of the MPQHD method.
Here we consider the EDM dynamics in systems of charged
and neutral particles. The MPQHD method has been ap-
plied to systems of charged [19–21], [22] and neutral [23]
particles before. Many researchers [13, 24, 25], [26] e.g.
Madelung [27] and Takabayashi [28] consider derivation
of QHD equations from a Schro¨dinger equation for a sin-
gle particle in an external field. Marklund et. al. [13]
suggests the method of generalization of one-particle QHD
equation for description of many-particle systems. In ar-
ticle [26] method proposed in [13] is used for derivation
of QHD equations for system of relativistic particles. Both
classical and quantum dynamics of a plenty of interacting
particles in a configuration space are discussed in [29].
Bibliography contains many examples of QHD applica-
tion for the analysis of various processes and phenomena.
Ion-acoustic waves in dusty plasma [30–32] and the dis-
tribution of non-linear electrostatic solitary excitations in
it [33] have been analyzed. QHD method is also used to
study wave processes in electron-positron-ion plasma [34–
36]. A system of QHD equations can be applied to the anal-
ysis of instability of quantum plasma [37–41], and in par-
ticular of the modulation instability of electron cyclotron
waves [38] and magnetoacoustic waves [39]. Dispersion
characteristics of magnetoacoustic waves have been ana-
lyzed in this way too [42–44]. The dispersion of elec-
trostatic waves with frequencies below the electron plasma
frequency has also been studied using QHD [45]. The dis-
persion relation for ion acoustic waves and the absorption
coefficient for Landau damping are obtain in paper [38]
and the quantum electrodynamical short wavelength cor-
rection on plasma wave propagation for a nonrelativistic
quantum plasma is investigated in article [46].
Some of the results that have been obtained using QHD
equations derived from a single-particle Schro¨dinger equa-
tion are presented in the review [47].
The MPQHD approach to systems of neutral particles,
e.g. of ultracold boson-fermion mixtures, has been devel-
oped in [23] and applied later to describe linear and non-
linear characteristics of BEC and of boson-fermion mix-
tures [23, 48–50].
In this work we extend MPQHD approach to a sys-
tem of EDM-having particles. The method we developed
here may be an effective tool for the investigation of static
and dynamic behavior and transport characteristics of in
graphene [51] and nanofluidics [52], the last one deals
with the dynamics of ions in water, a substance with large
EDM of molecules.
In this article, using the QHD approach we calculate the
dispersion of polarization waves and spatial charge waves.
We show the EDM dynamics to cause novel branches of
dispersion in quasi-2D plasma-like media and in systems
of neutral particles. We also accomplish analytical calcula-
tions of dispersion characteristics for the waves we discov-
ered.
Electrically polarized particle system can interact with
the beam of charged and polarized particles by means
charge-dipole and dipole-dipole interaction. Such interac-
tion could lead to transfer energy from beam to medium
and, consequently, to generation of waves. In plasma
physics the effect of generation of waves by means elec-
tron [53], [54] or magnetized neutron [16] beam is well-
known. In presented article we consider similar effects in
system neutral polarized particles.
Our paper is organized as follows. In Sect. 2 we
present the derivation of the momentum balance equation
for EDM-having charged particles from MPSE in a self-
consistent field approximation. An explicit form of the
quantum part of the pressure tensor is also presented. In
Sect. 3 we obtain equations of polarization evolution and
polarization current. The self-consistent field approxima-
tion is used. In Sect. 4 a calculation is accomplished of
eigenwaves in a 2D system of EDM-having charged parti-
cles located in uniform external electric field. New disper-
sion branch of ω(k) is shown to exist and the contribution
of polarization into the dispersion of 2D Langmuire wave
is estimated. In Sect. 5 we show the existence of a po-
larization wave along with acoustic wave in a system of
neutral polarized particles for 1D, 2D and 3D cases. In
Sect. 6 dispersion characteristics of a two-sort 2D sys-
tem of charged particles are discussed. An assumption is
made that particles of one of the sorts bear EDM. We show
that polarization dynamics here leads to the existence of
a new dispersion branch. Analytical relation for ω(k) is
constructed. Deep analysis of quantum magnetoacoustic
waves is performed. In Sect. 7 we apply the results pre-
sented in sections 4-6 to the analysis of excitations in 2D
electron plasma and in a system of excitons. In Sect. 8 we
show that there is instability at interaction of beam of po-
larized particles with the polarized medium. The increment
of instabilities is calculated. In Sect. 9 we obtain the incre-
ment of instabilities which arise at electron beam propaga-
tion through system of neutral particles with the EDM. In
sect. 10 brief summary of obtained results are presented.
3II. CONSTRUCTION OF FUNDAMENTAL EQUATIONS
AND THE MODEL ACCEPTED
In this section we derive the MPQHD equations from
MPSE. Here we present the key steps of getting the
MPQHD equations. We receive the equations for the sys-
tem of charged particles with EDM. Obtaining equations
could be used for neutral particles with the EDM as well.
Method of MPQHG allow to present dynamic of system
of interacting quantum particles in terms of functions de-
fined in 3D physical space. It is important at investigation
of wave process, which take place in 3D physical space.
Starting from MPSE
−ı~∂tψ = Hˆψ
with the Hamiltonian
Hˆ =
∑
i
(
1
2mi
D2i + eiϕi,ext − dαi Eαi,ext
)
+
∑
i,j 6=i
(
1
2
eiejGij + eid
α
j C
α
ij −
1
2
dαi d
β
jG
αβ
ij
)
, (1)
we construct a system of QHD equations for charged par-
ticles that have EDM dαi . Equations constructed in this
way are also valid for neutral polarized particles. The
following designations are used in the Hamiltonian (1):
Dαi = −ı~∂αi −eiAαi,ext/c, ϕi,ext,Aαi,ext - the potentials of
external electromagnetic field, Eαi,ext-, is the electric field,
quantities ei, mi-are the charge and mass of particles, ~-is
the Planck constant, and Gij = 1/rij , Cαij = −∂αi 1/rij ,
Gαβij = ∂
α
i ∂
β
i 1/rij - the Green functions of the Coulomb,
charge-dipole, dipole-dipole interactions, respectively.
The first step in the construction of QHD apparatus is
to determine the concentration of particles in the neighbor-
hood of r in a physical space. If we define the concentra-
tion of particles as quantum average of the concentration
operator in the coordinate representation nˆ =
∑
i δ(r−ri)
we obtain:
n(r, t) =
∫
dR
∑
i
δ(r − ri)ψ∗(R, t)ψ(R, t) (2)
where dR =
∏N
p=1 drp.
Differentiation of n(r, t) with respect to time and apply-
ing of the Schro¨dinger equation with Hamiltonian (1) leads
to continuity equation
∂tn(r, t) +∇j(r, t) = 0 (3)
where the current density takes a form of
jα(r, t) =
∫
dR
∑
i
δ(r−ri) 1
2mi
(
ψ∗(R, t)(Dαi ψ(R, t))
+ (Dαi ψ(R, t))
∗ψ(R, t)
)
, (4)
The velocity of i-th particle vi(R, t) is determined by
equation
vi(R, t) =
1
mi
∇iS(R, t)− ei
mic
Ai,ext. (5)
The quantity vi(R, t) describe the current of probability
connected with the motion of i-th particle, in general case
vi(R, t) depend on coordinate of all particles of the system
R, where R is the totality of 3N coordinate of N particles
of the systemR = (r1, ..., rN , t).
TheS(R, t) value in the formula (5) represents the phase
of the wave function
ψ(R, t) = a(R, t)exp(
ıS(R, t)
~
).
Velocity field v(r, t) is the velocity of the local centre of
mass and determined by equation:
j(r, t) = n(r, t)v(r, t). (6)
This means that ui(r, R, t) = vi(R, t) − v(r, t) is a
quantum equivalent of the thermal speed.
A momentum balance equation can be derived by differ-
entiating current density (4) with respect to time:
∂tj
α(r, t) +
1
m
∂βΠαβ(r, t) = Fα(r, t), (7)
where Fα(r, t) is a force field and
Παβ(r, t) =
∫
dR
∑
i
δ(r − ri)×
× 1
4mi
(
ψ+(R, t)(Dˆαi Dˆ
β
i ψ)(R, t)+
+ (Dˆαi ψ)
+(R, t)(Dˆβi ψ)(R, t) + c.c.
)
(8)
represents the momentum current density tensor.
Let’s now perform explicit separation of particles’ ther-
mal movement with velocities ui(r, R, t) and the collective
movement of particles with velocity v(r, t) in equations of
continuity (3) and of the momentum balance (7). We can
see now that the tensor Παβ(r, t) takes the form
Παβ(r, t) = mn(r, t)vα(r, t)vβ(r, t)
+pαβ(r, t) + Tαβ(r, t).
In this formula
pαβ(r, t) =
∫
dR
N∑
i=1
δ(r − ri)a2(R, t)miuαi uβi (9)
is the tensor of kinetic pressure. This tensor tends to zero
by letting ui → 0.
The tensor
Tαβ(r, t) = − ~
2
2m
×
4×
∫
dR
N∑
i=1
δ(r − ri)a2(R, t)∂
2 ln a(R, t)
∂xαi∂xβi
(10)
is proportional to ~2 and has a purely quantum origin. For
the large system of noninteracting particles, this tensor is
Tαβ(r, t) = − ~
2
4m
∂α∂βn(r, t)
+
~
2
4m
1
n(r, t)
(∂αn(r, t))(∂βn(r, t)). (11)
This term is named Bohm quantum potential.
As the particles of the system under consideration in-
teract via long-range forces the approximation of a self-
consistent field is sufficient to analyze collective processes.
With the use of this approximation two-particle functions
in the momentum balance equation can be split into a prod-
uct of single-particle functions. Taken in the approximation
of self-consistent field, the set of QHD equation, continuity
equation and momentum balance equation has a form:
∂tn(r, t) +∇(n(r, t)v(r, t)) = 0, (12)
mn(r, t)(∂t + v∇)vα(r, t) + ∂β(pαβ(r, t) + Tαβ(r, t))
= en(r, t)Eαext(r, t) + P
β(r, t)∂αEβext(r, t)
+en(r, t)εαβγvβ(r, t)Bγext(r, t)
−e2n(r, t)∂α
∫
dr′G(r, r′)n(r′, t)
−en(r, t)∂α∂β
∫
dr′G(r, r′)P β(r′, t)
+eP β(r, t)∂α∂β
∫
dr′G(r, r′)n(r′, t)
+ P β(r, t)∂α
∫
dr′Gβγ(r, r′)P γ(r′, t). (13)
Let’s discuss the physical significance of terms on the
right side of (13). The first three terms describe the inter-
action with external electromagnetic field. The first term
represents the effect of external electric field on the charge
density. The second term is the effect of non-uniform ex-
ternal electric field on the polarization density. The form of
this term is similar to that of the force field which affects
the magnetic moment in a magnetic field [20], [28]. It
should be noted that the form of this term is distinct from
the expression that describes the force affecting a single
dipole. The third term of the equation (13) is the Lorentz
force. Other terms in (13) describe a force field that repre-
sents interactions between particles, namely the Coulomb
interaction of charges, the effect of dipoles on charges,
charges on dipoles and dipole-dipole interactions.
Note, that for a 3D system of particles the momentum
balance equation (13) may be written down in terms of
electrical intensity of the field that is created by charges
and dipole moments of the particle system:
mn(r, t)(∂t + v∇)vα(r, t) + ∂β(pαβ(r, t) + Tαβ(r, t))
= en(r, t)Eα(r, t) + P β(r, t)∂αEβ(r, t)
+ en(r, t)εαβγvβ(r, t)Bγext(r, t), (14)
where: Eα(r, t) = Eαext(r, t) + Eαint(r, t) and
Eαint(r, t) = E
α
q (r, t) + E
α
d (r, t). These variables
meet equations divEq(r, t) = 4piρ and divEd(r, t) =
−4pidivP(r, t) where ρ = ∑a eana(r, t). This leads to
a field equation
divEint(r, t) = 4piρ− 4pidivP. (15)
The method we develop in this work is valid both for
bosons and fermions. The type of statistics that particles
are subject to affects the calculation of many-particle func-
tions (correlations) that evolve in the momentum balance
equation (13) and are neglected in the self-consistent field
approximation. A method for the calculation of correla-
tions in QHD equations has been developed in works [19–
21].
Polarization evolves in the momentum balance equation
(13) or (14):
Pα(r, t) =
∫
dR
∑
i
δ(r−ri)ψ∗(R, t)dˆαi ψ(R, t). (16)
The EDM operator dαi there affects coordinates of the
i-th particle. The polarization thus affects the evolution
of concentration and of the velocity field. To calculate
Pα(r, t) may be interesting itself. It is, therefore neces-
sary to derive an equation that describes the evolution of
polarization.
III. EQUATIONS FOR THE EVOLUTION OF
POLARIZATION
To close the QHD equations set (12), (13) we derive
equation for the polarization evolution. If we differenti-
ate the definition for polarization (16) with respect to time
and apply the Schro¨dinger equation, the required equation
for the polarization evolution can be obtained:
∂tP
α(r, t) + ∂βRαβ(r, t) = 0. (17)
A polarization current density
Rαβ(r, t) =
∫
dR
∑
i
δ(r − ri) d
α
i
2mi
×
×
(
ψ∗(R, t)(Dβi ψ(R, t)) + (D
β
i ψ(R, t))
∗ψ(R, t)
)
(18)
5occurs in this equation.
We have two ways to close the QHD equations set. The
first one is to expressRαβ(r, t) in terms of n(r, t), vα(r, t)
and Pα(r, t) using additional assumptions or experimen-
tal data. The other way is to derive the equation for evo-
lution Rαβ(r, t) in the same fashion it was accomplished
previously for other material fields, for example quantities
considered above n(r, t), vα(r, t) and Pα(r, t). Now the
evolution equation Rαβ(r, t) occurs in the form of
∂tR
αβ(r, t) +
1
m
∂γRαβγ(r, t) =
e
m
Pα(r, t)Eβext(r, t)
+
e
mc
εβγδRαγ(r, t)Bδext(r, t) +
1
m
(∂βEγext(r, t))
∫
dR
∑
p
δ(r − rp)dαpdγpψ∗(R, t)ψ(R, t)
−e
2
m
∫
dr′(∂βG(r, r′))
∫
dR
∑
p,n6=p
δ(r − rp)δ(r − rn)dαpψ∗(R, t)ψ(R, t)
− e
m
∫
dr′(∂βGγ(r′, r))
∫
dR
∑
p,n6=p
δ(r − rp)δ(r − rn)dαpdγpψ∗(R, t)ψ(R, t)
+
e
m
∫
dr′(∂βGγ(r, r′))
∫
dR
∑
p,n6=p
δ(r − rp)δ(r − rn)dαpdγnψ∗(R, t)ψ(R, t)
+
1
m
∫
dr′(∂βGγδ(r, r′))
∫
dR
∑
p,n6=p
δ(r − rp)δ(r − rn)dαpdγpdδnψ∗(R, t)ψ(R, t). (19)
Now we consider the physical meaning of the terms in
right side of this equation. The first three terms describe
the interaction of particles with external electromagnetic
field. The first term represents the effect of external elec-
tric field on the charge density. The second term is the
effect of non-uniform external electric field on the polar-
ization density. The form of this term is similar to that
of the force field which affects the magnetic moment in a
magnetic field. The third term of the equation (19) is an
analog of the Lorentz force. Other terms in (19) describe
a tensor field that represents interactions between particles,
namely the Coulomb interaction of charges, the effect of
dipoles on charges, charges on dipoles and dipole-dipole
interactions.
We used the denotation in (19) for Rαβγ(r, t):
Rαβγ(r, t)
=
∫
dR
∑
i
δ(r − ri) d
α
i
4mi
(
ψ+(R, t)(Dˆβi Dˆ
γ
i ψ)(R, t)+
+ (Dˆβi ψ)
+(R, t)(Dˆγi ψ)(R, t) + c.c.
)
. (20)
Equation (19) show the evolution of polarization current
Rαβ(r, t) in consequence of interaction of particles with
external and internal force field. Equation (19) contain
two-particle correlation function. The two-particle func-
tion found in the four last term of equation (19). In articles
[19], [21] the method of calculation of correlation is devel-
oped. Direct calculation of many-particle function using
methods developed in [19], [21] show that statistics affect
on correlations only and have no influence on terms arisen
in self-consistent field approximation. Below, in this article
we bound our self by self-consistent field approximation.
We can see that the equation (19) contains information
about the effect of interaction on the transformation of
Rαβ(r, t) and, as a consequence, on the polarization evo-
lution Pα(r, t).
In the approximation of the self-consistent field, the
equation (19) takes the form
∂tR
αβ(r, t) +
1
m
∂γRαβγ(r, t) =
e
m
Pα(r, t)Eβext(r, t)
+
e
mc
εβγδRαγ(r, t)Bδext(r, t)+
1
m
Dαγ(r, t)∂βEγext(r, t)
−e
2
m
Pα(r, t)∂β
∫
dr′G(r, r′)n(r′, t)
− e
m
Dαγ(r, t)∂β
∫
dr′Gγ(r′, r)n(r′, t)
6+
e
m
Pα(r, t)∂β
∫
dr′Gγ(r, r′)P γ(r′, t)
+
1
m
Dαγ(r, t)∂β
∫
dr′Gγδ(r, r′)P δ(r′, t). (21)
The physical meaning of terms on the right side of this
equation is similar to that of terms in the equation (19).
We used the denotation
Dαβ(r, t) =
∫
dR
∑
i
δ(r − ri)dαi dβi ψ∗(R, t)ψ(R, t)
(22)
in the equation (21).
It can be assumed that
Dαβ(r, t) ≃ σP
α(r, t)P β(r, t)
n(r, t)
. (23)
where σ- is the nondimension constant.
Likewise the previous section we can reformulate the
equation (21) for the three-dimension case in terms of the
electrical field (15). The equation (21) in this situation has
the form
∂tR
αβ(r, t) +
1
m
∂γRαβγ(r, t) =
e
m
Pα(r, t)Eβ(r, t)
+
e
mc
εβγδRαγ(r, t)Bδext(r, t)+
1
m
Dαγ(r, t)∂βEγ(r, t).
(24)
If we put a velocity field into the equation (21) the tensor
Rαβγ(r, t) transforms into
Rαβγ(r, t) = rαβγ(r, t) + Tαβγ(r, t)
+mRαβ(r, t)vγ(r, t) +mRαγ(r, t)vβ(r, t)
−mPα(r, t)vβ(r, t)vγ(r, t). (25)
In this representation the contribution of thermal move-
ment
rαβγ(r, t) =
∫
dR
N∑
i=1
δ(r − ri)dαi a2(R, t)miuβi uγi
(26)
becomes explicit and the analog for the Bohm quantum po-
tential occurs
Tαβγ(r, t) = − ~
2
2m
∫
dR
N∑
i=1
δ(r − ri)×
× dαi a2(R, t)
∂2 ln a
∂xβi∂xγi
. (27)
Approximate connection of Tαβγ(r, t) with the concentra-
tion and polarization of particles is presented in work [12].
The major contribution into alterations of polarization in
a system of charged particles is from charge interactions
and from the effect that the external electrical field has on
charges. As a result
∂tR
αβ(r, t) =
e
m
Pα(r, t)Eβext(r, t)
+
e2
m
Pα(r, t)∂β
∫
dr′G(r, r′)n(r′, t) (28)
can be derived from the equation (21).
Later in this paper the equation (28) is used to analyze
the elementary excitations spectrum in a two-dimensional
system of EDM-having charged particles.
Method of QHD allows derive an one-particle nonlinear
Schrodinger equation (NLSE). Corresponding one-particle
wave function describes evolution of many-particle sys-
tem in 3D physical space. Most famous NLSE are the
Ginzburg-Landau equation in superconductivity [55] and
the Gross-Pitaevskii equation in the physics of ultracold
gases and Bose-Einstein condensate [56]. In this article
we consider the derivation of NLSE. We do not use NLSE
for studying of wave dispersion and wave generation. Be-
cause of it we present NLSE in Appendix. In this paper we
receive NLSE for the charged particle having EDM. Inter-
esting consequence of derivation of NLSE is the obtaining
of London equation. Derivation of the London’s equation
from QHD also is presented in appendix
IV. THE EIGENWAVES IN A 2D SYSTEM OF CHARGED
PARTICLES WITH EDM
One of the primary goals of this article is to derive dis-
persion characteristics of eigenwaves in 2D systems of neu-
tral and charged particles that take account of the EDM col-
lective dynamics. In this section we consider 2D systems
of charged particles. To do that let’s analyze small pertur-
bations of physical variables from the stationary state. The
ionic or holes gas is assumed here to localize on a x, y-
plane
n = n0 + δn, v
α = 0 + δvα, Pα = Pα0 + δP
α,
(29)
Eαext = E0δ
αz , Pα0 = κE
α
0 = κE0δ
αz,
where n is a surface concentration.
We can mark, in this section and below, all physical
quantity is presented in the form of sum of equilibrium part
and small perturbations
f = f0 + δf.
In this case if we assume that linear excitations δf are
proportional to exp(−ıωt+ ıkr) a linearized set of equa-
tions (12), (13), (17), (28) gives us the dispersion equation
mω2 = mv2sik
2 +
~
2
4m
k4
+ 2pie2n0k − 2piP 20
β(k)e2
mω2
k4, (30)
7FIG. 1. The figure presents the dependence of the variable β(k)
on the wave vector k. Ionic or atomic radius r0 is assumed to
equal 0.1 nm.
where
β(k) = 2pi
∫ ∞
ξ
dr
J0(r)
r2
, (31)
here ξ = r0k, r0 there is an ionic or atomic radius and k =√
k2x + k
2
y is a modulus of the wave vector. As λmin =
2pi/kmax > 2r0 then ξ ⊂ (0, pi). The function β(ξ) is,
therefore, positive. Its explicit form is presented at Fig. 1.
Solutions of the equation (30) are presented by two
branches of the dispersion characteristic
ω2 =
1
2
(
v2sik
2 +
~
2
4m2
k4 + ω2Li2
±
√
(v2sik
2 +
~2
4m2
k4 + ω2Li2)
2 − 8piκ2E20β
e2
m2
k4
)
.
(32)
where ωLi2 = 2pie2n0k/m denotes the Langmuir 2D fre-
quency.
Provided that polarization effects are small the square
root expression in (32) may be expanded to yield formulae
ω(k) in the following form
ω2 = v2sik
2 +
~
2
4m2
k4
+ ω2Li2 −
2piκ2E20βe
2k4
m2v2sik
2 + 1
4
~2k4 +m2ω2Li2
, (33)
ω2 =
2piκ2E20βe
2k4
m2v2sik
2 + 1
4
~2k4 +m2ω2Li2
. (34)
The relation (33) expresses the dispersion of 2D Lang-
muir waves with the account of dipole-dipole interactions.
The solution (34) expresses the dispersion of waves that
emerge as a result of polarization dynamics. Plots at Figs.
2 and 3 represent relationships (33), (34), respectively.
FIG. 2. The figure shows the dispersion characteristic of the
Langmuir wave frequency ω versus the wave vector k, which
is described by the equation (33). The ionic radius r0 is sup-
posed to be 0.1 nm. Equilibrium polarization has form P0 =
κE0. Static electric permeability κ is defined by the equation
κ = n0p
2
0/(3kBT ). p0 - is a dipole moment of an ion or atom,
T - temperature of the medium, kB - Boltzmann constant. Sys-
tem parameters are assumed to be as follows: n0 = 108sm−2,
p0 = 3 ·10
−20Cm, T = 100K, E0 = 3 ·10
4V/m, mi = 10
−23g.
FIG. 3. The figure shows the dispersion characteristic of the
quantum ionic polarization wave frequency ω versus the wave
vector k, which is described by the equation (34). The ionic ra-
dius r0 is supposed to be 0.1 nm. Physical conditions of the sys-
tem are supposed to be the same as described in the legend to Fig.
2.
V. EIGENWAVES IN A SYSTEM OF POLARIZED
NEUTRAL PARTICLES
In this section we consider 1D, 2D and 3D systems of
EDM-having neutral particles. To do that we use the equa-
tion (21). Since the system of neutral particles resides in
a uniform electromagnetic field, there is only one term on
the right side of the equation (21). It is also assumed that
interactions make the largest contribution into the changes
in Rαβ(r, t).
If so then the equation (21) and (23) transforms into
∂tR
αβ(r, t) = σ
Pα(r, t)P γ(r, t)
mn(r, t)
×
× ∂β
∫
dr′Gγδ(r, r′)P δ(r′, t). (35)
8FIG. 4. The figure shows the dispersion characteristic of the
2D quantum atomic polarization wave frequency ω(k) versus the
wave vector k, which is described by the equation (36). The
atomic radius is supposed to be 0.1 nm. System parameters are
the same as in Fig. 2.
If taken in a linear approximation, the set of equations
(12), (13), (17), (35) for neutral particles is closed. This
allows the analysis of polarization waves in a system of
neutral particles. Equations of continuity (12) and of the
momentum balance (13) herein describe the dynamics of
acoustic wave. If we derive a solution for eigenwaves in a
2D system the dispersion equation has a form of
ω =
√
σ
β(k)
mn0
| κ | E0k3/2. (36)
where β(k) is defined by the relation (31). The dispersion
dependence (36) is presented on Fig. 4.
In 1D case ω(k) occurs as
ω =
√
σβ1(k)
mn0
| κ | E0k2, (37)
where
β1(k) = 2
∫ ∞
ξ
dr
cos(r)
r3
. (38)
The quantity (38) and 1D dispersion dependence (37) are
presented on Figs. (5) and (6) correspondingly.
The set of equations (17), (35), (23) may be applied to
analyze 3D systems, otherwise the electric field E(r, t) that
dipoles create may be introduced explicitly (15), (17), (24),
(23).
As this is done the dispersion equation ω(k) transforms
into
ω =
√
4piσ
mn0
P0kz. (39)
Equations (36) and (37) differ in the power coefficient
by the wave vector k and also with the coefficients β(k)
and β1(k), which depend on the wave vector, occur in 1D
and 2D cases, respectively.
FIG. 5. The figure presents of the variable β1(k) on the wave
vector k. Ionic or atomic radius r0 are assumed to equal 0.1 nm.
FIG. 6. The dependence of frequency ω on the wave vector k
is displayed for the case of single dimension polarization mode
which dispersion characteristic is defined by the equation (37).
The atomic radius r0 is supposed to be 0.1 nm. Equilibrium
polarization has form P0 = κE0. Static electric permeabil-
ity κ is defined by the equation κ = n0p20/(3kBT ). p0 - is
a dipole moment of an atom, T - temperature of the medium,
kB - Boltzmann constant. System parameters are assumed to be
as follows: n0 = 104sm−1, p0 = 3 · 10−20Cm, T = 100K,
E0 = 3 · 10
4V/m, m = 10−23g.
VI. EIGENWAVES IN A 2D TWO-SORT SYSTEM OF
CHARGED PARTICLES
A 2D system comprised by charged particles of two sorts
can be modeled either in a thin film of metal and semicon-
ductors or in a thin, nano-sized ionic crystal. Only ions and
holes can have EDM in the former case. Both sorts of ions
can have EDM in the case of ionic crystal. In our analysis
we deal with a material where one sort of ions has much
greater EDM than the other and investigate elementary ex-
citations in such system.
The QHD equation set for the system in question is com-
prised by continuity equations (12) and momentum balance
equations (6) for both sorts of particles and also by equa-
tions (17), (21) , which describe the polarization dynamics
of particles those having greater EDM. The field on the
9right side of equations (6) and (21) comes from particles of
both sorts. Likewise previous sections the 2D system is as-
sumed here to be located in an external electric field which
is orthogonal to the plane of particle movement. Solution
of the eigenwave problem in a two-sort system of charged
particles leads to the dispersion equation
(ω2)3−
(
ω2e+v
2
sek
2+
~
2k4
4m2e
+ω2i +v
2
sik
2+
~
2k4
4m2i
)
(ω2)2
+
(
(v2se +
~
2k2
4m2e
)(v2si +
~
2k2
4m2i
)k4 + ω2i (v
2
se +
~
2k2
4m2e
)k2
+ω2e(v
2
si +
~
2k2
4m2i
)k2 +
β(k)ω2i P
2
0 k
4
n0mi
)
ω2
− β(k)P
2
0 ω
2
i
n0mi
(v2se +
~
2k2
4m2e
)k6 = 0. (40)
If we analyze a film of metal the indices e and i relate to
electrons and ions, respectively. For the case of semicon-
ductors index i describes a holes. In the case of a nanolayer
ionic crystal i relates to ions of different sorts. It is assumed
in both cases that particles denoted by the indices e and i
are those having EDM.
If there is no polarization then the equation (40) is a
second-degree equation with respect to ω2. Its solutions
have the form
ω20± =
1
2
(
ω2e + ω
2
i + v
2
qsek
2 + v2qsik
2
±
√
(ω2e + ω
2
i )
2 + (v2qsek
2 − v2qsik2)2 + (ω2e − ω2i )(v2qsek2 − v2qsik2)
)
. (41)
The following denotation is used here:
v2qsa = v
2
sa + ~
2k2/4m2a,
where a denotes e for electrons and i for ions.
The equation (41) contains dispersion characteristics for
the Langmuir wave and ion-acoustic wave. In the quantum
case we consider these characteristics take on the form of
ω2 = ω2e + v
2
sek
2 +
~
2
4m2e
k4, (42)
and
ω =
kvs
√
1 + ~
2k2
4m2
e
v2
se√
1 + a2ek
2(1 + ~
2k2
4m2
e
v2
se
)
. (43)
Here used designation a2e = v2se/ω2e , vs = (me/mi)v2se.
In approximation:
v2si + ~
2k2/4m2i ≪ ω2/k2 ≪ v2se + ~2k2/4m2e (44)
formula (46) take form:
ω =
kvs√
1 + a2ek
2
(
1 +
~
2k2
8m2ev
2
se
1
1 + a2ek
2
)
. (45)
In this approximation exist simple relation for ion-sound
waves (43).
The solution (43) differs from the classical case in the
presence of a term proportional to ~2 which occurs due to
Bohm quantum potential (11). Figure 7 shows dispersion
characteristics of ion-acoustic waves in classical and quan-
tum cases.
If polarization is taken into account in the equation (40)
then new solution occurs. Assuming the contribution of
polarization to be small we may obtain the following dis-
persion characteristic for this novel solution:
ω2 =
1
n0mi
β(k)P 20 ω
2
i k
3(v2se +
~
2k2
4m2
e
)
ω2e(v
2
si +
~2k2
4m2
i
) + ω2i (v
2
se +
~2k2
4m2
e
) + (v2se +
~2k2
4m2
e
)(v2si +
~2k2
4m2
i
)k2
. (46)
If the approximation (44) is used then the equation (46) takes the form
ω =
√
β(k)
n0mi
P0k
3/2. (47)
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FIG. 7. This figure displays the function ω(k) for two-
dimensional ion-acoustic waves. The upper curve shows the
dispersion characteristic of quantum ion-acoustic waves which
are described by equation (45) while the lower curve shows the
dispersion characteristic of classic ion-acoustic waves which oc-
cur from (45) if the term proportional to ~2 is neglected. Sys-
tem parameters are assumed to be as follows: n0 = 108sm−2,
m = 10−23g.
The equation (45) for ion-acoustic waves occurs in the
same approximation.
The polarization also causes additional contributions in
solutions (41) to occur. Thus, a generalization of solutions
(41) that takes account of polarization appears in the fol-
lowing form:
ω2± = ω
2
0± ∓
1
ω20+ − ω20−
×
× β(k)P
2
0 k
3ω2i
n0mi
(
1− k2 v
2
qse
ω20±
)
. (48)
VII. THE EFFECT OF POLARIZATION ON THE
DISPERSION CHARACTERISTICS OF 2D
SEMICONDUCTORS
The simplest model of semiconductors is a system com-
prised by particles of three sorts, namely electrons, ions
and neutral atoms. Atoms and ions in the semiconductor
may bear significant EDM. Dynamics of semiconductors
is usually dealt with as dynamics of electrons and holes.
Electrons and holes can also form bound states - the exci-
tons. As excitons have EDM, the dipole-dipole interaction
plays a substantial role in a system of excitons.
The approach we present in this paper allows us to de-
scribe the interaction of excitons via their EDMs and inter-
action of their EDM with an external electric field. Since
excitons are neutral EDM-having quasi-particles, the result
we obtained in Section VI may be used to describe elemen-
tary excitations in such system. We can therefore suggest
that acoustic-like waves and polarization waves may be ex-
cited in exciton systems and their dispersion is described
by formulaes (36), (37) and (39).
In the case electrons and holes move in a semiconduc-
tor without significant formation of bound state excitations
in a semiconductor may be regarded to as excitations in a
two-sort system of charged particles. The term ”hole” re-
gards to ions in the semiconductor, which may have EDM.
This means that holes may be dealt with as EDM-having
particles.
Using the model described above we can apply formu-
lae from the Section VII to describe the dispersion of ele-
mentary excitations in 2D electron-hole plasma. Index i in
formulas (40)-(48) regards to holes.
VIII. EXCITATION OF POLARIZATION WAVES BY
BEAM OF NEUTRAL POLARIZED PARTICLES
We do not meet experimental works there were obtained
the polarization waves received in our article. On exam-
ple of 3D sample we show the way to obtain such waves
in experiment. A possible way of generation of waves of
polarization it is the propagation of beam of electrons or
neutral polarized particles through the sample. Instead of
the beam can be considered a current of particles through
the sample, in context of next section it can be the elec-
trical current. In this and next sections we show there are
instabilities which led to generation of waves in the sam-
ple. The effect of waves generation by beam of electrons is
well in plasma physics [53], [54].
In this section we use equations (12), (14), (17) and (24)
for each sorts of particles and equation of field (15). In
right side of equation (15) the polarization P is a sum of
polarization of medium Pd and polarization of the beam Pb
P = Pd + Pb.
The equilibrium state of system is characterized by fol-
lowing values of the medium parameters:
nd = n0d + δnd, v
α
d = 0 + v
α
d ,
Pαd = P
α
0d + δP
α
d , R
αβ
d = 0 + δR
αβ
d (49)
and values of the beam parameters:
nb = n0b + δnb, v
α
b = Uδ
zα + δvαb ,
Pαb = P
α
0b + δP
α
b , R
αβ
b = R
αβ
0b + δR
αβ
b . (50)
The polarization Pα0 is proportional to external elec-
tric field Eα0 . We consider the case then E0 =
[E0sinϕ, 0, E0cosϕ]. In this case the tensor Rαβ0b has
only two unequal to zero elements: Rzx0b = R0bsinϕ and
Rzz0b = R0bcosϕ. And we consider the small perturbations
of described here equilibrium state.
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1− ω
2
D
ω2 − ~2k4
4m2
d
− ω
2
Db
(ω − kzU)2 − ~2k44m2
b
= 0, (51)
In the absence of medium we obtain a dispersion depen-
dence of polarized beam modes
ω = kzU ±
√
ω2Db +
~2k4
4m2e
. (52)
At the presence of medium, far from resonant condition
kzU ≃ ωDb, we obtain
ω ≃ kzU± ωDb√
1− ω2D
(kzU)2
= kzU± ı ωDb√
ω2
D
(kzU)2
− 1
(53)
For the case ωD ≫ kzU from (53) we derive
ω = kzU
(
1± ıωDb
ωD
)
.
Further we consider resonant interaction neutral polarized
beam with medium. In this situation we present frequency
in the form
ω = kzU + η.
At resonant condition ωD ≃ kzU and η ≫ ~k2mb we have
η = ξ 3
√√√√ ω2Dbω2D
2
√
ω2D +
~2k4
4m2
d
. (54)
where ξ presented by formula (66). In the limit η ≪ ~k2
mb
we obtain a formula which is analogous to (67). But in this
case we need to do some changes, i.e. me → mb and ωLe
to ωDb.
IX. EXCITATION OF POLARIZATION WAVES BY
ELECTRON BEAM
In previous section we consider the effect of generation
of the polarization waves in 3D system of neutral particles
with the EDM. Here we analyse an analogous effect. It
is a generation of waves by means of a beam of neutral
polarized particles.
Let’s analyze the interaction of a single velocity beam
of electrons that moves along z-axis with infinite three-
dimension medium comprised of neutral particles. Parti-
cles of the medium are in equilibrium state and polarized
without any external electric field. This may occur if the
electron beam moves through a crystal of piezoelectric or
through a sample of ferroelectric that has residual polar-
ization. The result of such analysis would also represent a
physical mechanism of the interaction of an electron beam
with spatially confined or low-dimension polarized sys-
tems. The most significant types of interaction in such sys-
tems are the Coulomb interaction of electrons in the beam,
the dipole-dipole interaction in the medium and the charge-
dipole interaction of dipoles in the medium with the elec-
tron beam. Let’s assume that the beam moves alongside the
polarization vector and the beam’s velocity doesn’t change
significantly while it moves through the sample.
In this section we use equations (12), (14), (17) and (24)
for each sorts of particles and equation of field (15).
If so, solution of the QHD equation set leads to the dis-
persion equation
1− ω
2
Le
(ω − kzU)2 − ~2k44m2
e
− ω
2
D
ω2 − ~2k4
4m2
d
= 0, (55)
where
ω2D =
4piσP 20 k
2
mn0
.
This equation has three solutions. If an account is
taken of Bohm quantum potential and no electron beam is
present, solution
ω2 = ω2D +
~
2k4
4m2d
(56)
occurs for the polarization wave, while two beam modes
occur in the absence of the medium
ω = kzU ±
√
ω2Le +
~2k4
4m2e
. (57)
If the contribution from the Bohm quantum potential is
neglected and the limit of a low-density beam is assumed
the solution for beam mode looks like
ω ≃ kzU. (58)
If we consider the effect of the dipole-comprised
medium on the beam mode the following solution is ob-
tained
ω ≃ kzU± ωLe√
1− ω2D
(kzU)2
= kzU± ı ωLe√
ω2
D
(kzU)2
− 1
(59)
This solution is complex and leads to the instability if
ωD > kzU i.e. in the case of long wave approximation.
If ωD ≫ kzU then solution transforms to
ω = kzU
(
1± ıωLe
ωD
)
. (60)
Solution (59) is valid for a beam moving in a 3D system
of dipoles if
kzU 6= ωD, (61)
i.e. if there is no resonance between beam mode and polar-
ization mode.
Let’s see how a beam affects the dispersion of polariza-
tion wave in the absence of resonance with beam mode.
The dependence of frequency on the wave vector has the
form
kzU =
√
ω2D +
~2k4
4m2d
. (62)
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To analyze a resonance interaction that occurs between
the electron beam and a system of electric dipoles, i.e. the
situation of (62) we should seek for a solution that looks
like
ω = kzU + η =
√
ω2D +
~2k4
4m2d
+ η. (63)
In this instance we obtain the following equation of a
frequency shift η:
η3 ± ~k
2
me
η2 − ω
2
Leω
2
D
2
√
ω2D +
~2k4
4m2
d
= 0. (64)
If η ≫ ~k2
me
then it has the following solution:
η = ξ 3
√√√√ ω2Leω2D
2
√
ω2D +
~2k4
4m2
d
, (65)
where
ξ =
3
√
1 =
(
1,
−1 + ı√3
2
,
−1− ı√3
2
)
. (66)
In the opposite limit of η ≪ ~k2
me
the frequency shift
occurs as
η = ±ı
√
me
~k2
ωLeωD√
2 4
√
ω2D +
~2k4
4m2
d
. (67)
So we have shown above in this section that the elec-
tron beam that moves in a system of dipoles polarized by
external electric field induces instability and increases am-
plitude of the polarization mode. It is assumed that the
electron beam moves alongside of the external electric field
and the medium is infinite and homogeneous. It should be
noted that while the electron beam accelerates infinitely in
such conditions we assumed changes of the beam veloc-
ity to be small. This was done because our goal was to
approximate a system of finite length.
X. CONCLUSIONS
In this paper we analyzed wave excitations caused by the
EDM dynamics in systems of charged and neutral particles.
Method of QHD was developed for EDM-having particles.
QHD equations are a consequence of MPSE in which parti-
cles’ interaction is directly taken into account. In our work
we consider the Coulomb, charge-dipole and dipole-dipole
interactions. The system of QHD equations we constructed
is comprised by equations of continuity, of the momentum
balance, of the polarization evolution and of the polariza-
tion current. In our studies of wave processed we used a
self-consistent field approximation of the QHD equations.
Using QHD equations we analyzed elementary excita-
tions in various physical systems in a linear approximation.
Waves in a 2D gas of EDM-having charged particles and
in a gas of neutral EDM-having particles in various physi-
cal dimensions were considered. A two-sort 2D system of
charged particles where particles of one sort are assumed
to have EDM was also analyzed.
Dispersion branches of a novel type that occurs due to
polarization dynamics were discovered in those physical
systems. Furthermore, the effect of polarization on the
dispersion characteristics of already known wave modes
was studied. The contribution of Bohm quantum potential
which is of purely quantum origin was taken into account
in the calculations. Waves of the electric polarization we
discovered possess the following feature: their frequencies
ω tends to zero provided that k → 0.
The polarization modes that have been derived in our
work should be taken into account in calculations of the
thermal capacity and non-linear dynamics of acoustic and
ion-acoustic waves. Polarization modes may also con-
tribute together with phonons to the process of formation
of Cooper pairs in superconductors. These polarization
modes may be applied in the construction of devices that
implement information transfer processes. Excitements in
polarization may be used as an alternative to spin waves or
together with them. It also should be taken into account
that transfer of polarization disturbances plays a major role
in the information transfer in biological systems. Such
processes do not require particles of the medium to pos-
sess EDM as the dynamics of a system of charged particles
leads to collective polarization Pα(r, t).
The effect of polarization dynamics on the dispersion
characteristics of exciton systems and of electron-hole
plasma is discussed in section VIII. The polarization mode
occurred in those systems too and its dispersion has been
analyzed. The existence of the polarization mode may af-
fect characteristics of spintronic and nano-electronic de-
vices.
We show the possibility of the process of waves gener-
ation in the system of polarized particles by means of the
monoenergetic beam of neutral polarized particles and the
monoenergetic beam of electrons.
Hence, in this work we present the advancement of the
QHD approach to systems of polarized particles and use
it to show the occurrence of polarization waves in various
physical systems comprised by charged and neutral parti-
cles.
APPENDIX
Derivation of the non-linear Schro¨dinger equation
In this section we discuss the derivation of NLSE for
systems of charged particles. The derivation is generally
similar to the derivation of the GP equation for systems of
neutral bosons in the state of BEC [23]. The NLSE comes
about from the continuity equation and the Cauchy integral
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of the momentum balance equation. The Cauchy integral
exists provided that the velocity field has the form
vα(r, t) =
1
m
∂αθ(r, t)− e
mc
Aα(r, t) (68)
where θ(r, t) is a velocity field potential.
Starting from QHD equations we can derive an equation
for evolution of the model function defined in terms of hy-
drodynamic variables. Thus a macroscopic single-particle
wave function may be defined as
Φ(r, t) =
√
n(r, t) exp(
ı
~
mθ(r, t)). (69)
If we differentiate this function with respect to time and
apply QHD equations then given the absence of EDM the
following equation is obtained:
ı~∂tΦ(r, t) =
(
− ~
2
2m
(
∇− ıe
~c
Aext(r, t)
)2
+ eϕ(r, t)
+ e2
∫
dr′
| Φ(r′, t) |2
| r− r′ | + Γ(r, t)
)
Φ(r, t), (70)
where
Γ(r, t) =
∫ r
r0
dr′
∇p(r′, t)
n(r′, t)
. (71)
The equation obtained (70) has the form of NLSE.
NLSE (70) describes collective characteristics in a sys-
tem of many charged particles. This follows from the
derivation of NLSE and from the definition of a many-
particle wave function Φ(r, t) (69). A nonlinear term
that is proportional to e2 depicts the Coulomb interaction.
Function Γ(r, t) (71) is the contribution of the kinetic pres-
sure and does not contain any interaction.
Now let’s write down the NLSE that arise from QHD
equations (12) and (13) taking into account the EDM of
particles:
ı~∂tΦ(r, t) =
(
− ~
2
2m
(
∇− ıe
~c
Aext(r, t)
)2
+eϕext(r, t) + Γ(r, t) + C(r, t)
+ e∂β
∫
dr′
P β(r′, t)
| r− r′ |
)
Φ(r, t), (72)
here we use designation Γ(r, t) described by formula (71).
Also in (72) exist action of electric field on polarization
of particles. This effect is presented by function C(r, t),
which determined by following formula
C(r, t) =
∫ r
r0
dr′
1
n(r′, t)
×
(
eP β(r′, t)∇′∂′β
∫
dr′′G(r′, r′′)n(r′′, t)
+ P β(r′, t)∇′
∫
dr′′Gβγ(r′, r′′)P γ(r′′, t)
)
. (73)
If we deal with a 3D system of particles we can introduce
a self-consistent electric field into NLSE as that was done
in equations (12), (14) and (15). In such case equations
(72) and (73) transform into
ı~∂tΦ(r, t) =
(
− ~
2
2m
(
∇− ıe
~c
Aext(r, t)
)2
(74)
+eϕ(r, t) + Γ(r, t) + C(r, t)
)
Φ(r, t).
In this case C(r, t) has form
C(r, t) =
∫ r
r0
dr′
1
n(r′, t)
P β(r′, t)∇Eβ(r′, t), (75)
E = −∇ϕ in equations (74), (75) and this field satisfies
the equation (15).
Given the additivity of electromagnetic field the equa-
tions (74), (75) can be generalized and Aext substituted
with a vector potential A that is created by both external
and internal sources. QHD equations (13), (14), (21) and
(24) can be generalized in the same way.
Some words about London equation
In many books the London equation is derived from
equation which describe the dynamics of one particle in
external field. But, the London equation describe the prop-
erties of many-particle system, i.e. system of electrons in
superconductors. In this section we present a new way of
derivation of the London equation from QHD equations,
which describe collective dynamics of particles. Also, we
obtain generalization of the London equation
Given the absence of a magnetic field the condition (68)
becomes a condition of vortex-free flow. Assuming the ap-
proximation of a homogeneous medium n = n0 = const
an equation
rot(n0v(r, t)) = −eno
mc
rot(A(r, t)) (76)
can be derived from (68).
If we apply equations n0v = j, rotA = B, rotB =
4pie/cj, divB = 0 a well-known London equation
△B(r, t) = 4pie
2n0
mc2
B(r, t) (77)
can be obtained where
4pie2n0
mc2
= ω
2
Le
c2
= 1
λ2
L
, λL =
c
ωLe
,
14
ωLe is the Langmuire frequency and λL is the Londons’
constant [57, 58].
In the case of an inhomogeneous medium the following
relationship appears from the equation (68)
rotj(r, t) = − e
mc
rot(n(r, t)A(r, t))
= − e
mc
n(r, t)B(r, t)− e
mc
[∇n(r, t),A(r, t)]. (78)
This gives us a generalization for the equation (77):
△B(r, t) = 4pie
2n(r, t)
mc2
B(r, t) +
e
mc
[∇n(r, t),A(r, t)].
(79)
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